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Abstract 

We introduce first weighted function spaces on M using the Dunkl 

convolution that we call Besov-Dunkl spaces. We provide characteri- 

^ ! zations of these spaces by decomposition of functions. Next we obtain 

in the real line and in radial case on M'^ weighted LP-estimates of 



CN ■ the Dunkl transform of a function in terms of an integral modulus of 



continuity which gives a quantitative form of the Riemann-Lebesgue 



'n I lemma. Finally, we show in both cases that the Dunkl transform of a 



function is in L^ when this function belongs to a suitable Besov-Dunkl 
space. 
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1 Introduction 

Dunkl theory generalizes classical Fourier analysis on W^. It started twenty 
years ago with Dunkls seminal work [9] and was further developed by several 
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mathematicians (see [2, 8, 11, 12, 13, 21]). We consider Dunkl operators 
Ti,l < i < d, on M'^, associated to an arbitrary finite reflection group G 
and a non negative multiplicity function k. The Dunkl kernel E^ has been 
introduced by CF. Dunkl in [10]. This kernel is used to deflne the Dunkl 
transform J-'^. K. Trimeche has introduced in [22] the Dunkl translation 
operators t^, x E M.'^, on the space of inflnitely differentiable functions on 
W^. At the moment an explicit formula for the Dunkl translation Tx{f) of a 
function / is unknown in general. However, such formula is known in two 
cases: when the function / is radial and when G = Z2, (see next section). In 
particular, the boundedness of Tx is established in these cases. As a result 
one obtains a formula for the convolution *k. 

There are many ways to deflne the Besov spaces (see [4, 5, 20]) and the 
Besov spaces for the Dunkl operators (see [1, 3]). Let $(]R'^) be the set of all 
sequences {'fj)jen of functions in S{R'^Y"-'^ such that 

(i) supp J'fc((/Po) C B{0,2) = {xeR'^; \\x\\ < 2} and 

supp J^klvj) C Aj = {xeM.'^; 2^'-i < ||x|| < 2^+^} for j e N\{0}. 

(ii) sup llv^jlli.A: < +00. 
(iii) ^J^k{Vj){x) = l,ioTxe M"*. 

jGN 

^^^dyad i^gjj^g ^]-^g subspace of functions in the Schwartz space iS(M'^) which 
are radial. For (3 > 0, 1 < p,q < +00 and {ipj)j^f^ G <I>(M°'), we deflne the 
weighted Besov-Dunkl space denoted by BV^'J^ as the subspace of functions 
/ e LKR"^) satisfying 



{2^^y, H flUyy < +00 if g<+oo 






and 



s\vg>2^'^\\iPj*kf\\p,k<+oo if q = +oo, 

i6N 



where //^(M*^) is the space Lp(R'^, Wk{x)dx), with Wk the weight function given 
by 
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R+ being a positive root system (see next section). 

For 1 < p < 2, we introduce the class DJtp(M'^) of sequences {gj)j,=^ of 
functions in L^(M'^) such that suppj^kioo) C 5(0,2) and supp J^kidj) C Aj 
for j e N\{0}. 

The modulus of continuity u)p{f) of an L^-function /, 1 < p < 2 is defined: 

• On the real line by : 

^pifm = Wnif) + r^tif) - 2f\U , t > , 

which is known as the modulus of continuity of second order of /. 

• In radial case on M^ by : 

^p(/) W = / Wnuif) - f\\p,kdaiu) , t > , 

where / is a radial L^-function and S"^~^ the unit sphere on M.'^ with the 
normalized surface measure da. 

In this paper, we provide first characterizations of the Besov-Dunkl spaces 
BV^'I^ by decomposition of functions using the class OJtp(M'^) for f3 > 0, 
1 < p < 2 and 1 < q < +oo. This extend to the Dunkl operators on R'^ 
some results obtained for the classical case in [20]. Next we obtain weighted 
L^-estimates of the Dunkl transform of a function in terms of an integral 
modulus of continuity. These results are carried out on the real line and in 
radial case on R'^. In both cases these are expressed as a gauge on the size of 
in terms of an integral modulus of continuity of /. As consequence, we give 
a quantitative form of the Riemann-Lebesgue lemma. Finally, we show that 
the Dunkl transform J^kif) of a function / is in L^(R'^) when / belongs to a 
suitable Besov-Dunkl space. 

The contents of this paper are as follows. 
In section 2, we collect some basic definitions and results about harmonic 
analysis associated with Dunkl operators . 

In section 3, we characterize the Besov-Dunkl spaces by decomposition of 
functions. 

In section 4, we obtain inequalities for the Dunkl transform J^k{f) of /, both 
on the real line and in radial case on W^. As consequence, we give a quantita- 
tive form of the Riemann-Lebesgue lemma. We show Finally further results 
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of integrability of J^kif) when / satisfies a suitable condition. 

Along this paper we denote by (., .) the usual Euclidean inner product in 
M'^ as well as its extension to C^ x C^, we write for x G M*^, ||a;|| = ^/{x, x) 
and we use c to denote a suitable positive constant which is not necessarily 
the same in each occurrence. Furthermore, we denote by 

• £^(]R'^) the space of infinitely differentiable functions on R'^. 

• i5(M'^) the Schwartz space of functions in £^(R'^) which are rapidly 
decreasing as well as their derivatives. 

• ViW^) the subspace of £{W^) of compactly supported functions. 

2 Preliminaries 

In this section, we recall some notations and results in Dunkl theory and we 
refer for more details to the articles [8, 9, 18] or to the surveys [16]. 

Let G be a finite reflection group on R"', associated with a root system 
R. For a G -R, we denote by H^ the hyperplane orthogonal to a. For a given 
j3 G M.\\J^^p^Ha, we fix a positive subsystem R^ = {a E R : {a, (3) > 0}. 
We denote by A; a nonnegative multiplicity function defined on R with the 
property that k is G-invariant. We associate with k the index 

7 = 7{R) = J2 ^(^) ^ 0' 
and the weight function Wk defined by 

Wk is G-invariant and homogeneous of degree 27. 

Further, we introduce the Mehta-type constant Ck by 

Cfc = ( / e ~Wkix)dx 



For every 1 < p < +00, we denote by L^iM.'^) the space LP(M.^,Wk{x)dx), 

^(R'^) that are radial and we use || \\p^k 



L^(R'^)^"'^ the subspace of those / G L^(R'^) that are radial and we use 
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as a shorthand for 






By using the homogeneity of Wk, it is shown in [14] that for / G LKW^Y"''^, 
there exists a function F on [0,+oo) such that f{x) = F(||x||), for all x G 
M.'^. The function F is integrable with respect to the measure f'^'y+'^-^dr on 
[0, +00) and we have 

f\x)wk{x)dx = ( Wkiry)dcr{y))F{r)r'^'^dr 

Jo ^Js''-^ ^ 

/•+00 

= 4 / F(r)r2T+'^-Vr, (2.1) 

where S'^^^ is the unit sphere on W^ with the normalized surface measure da 
and 

-1 
4 = / Wk{x)da{x) = ^^. Z, 7: ■ (2-2) 



The Dunkl operators Tj , 1 < j < d , on M.'^ associated with the reflec- 
tion group G and the multiplicity function k are the flrst-order differential- 
difference operators given by 

T,f{x) = ^{x)+J2 ^(«)«^- ^^"^^ 7/1?^''^^ ' f ^ ^(^') ' ^ ^ ^' ' 

where a^ is the reflection on the hyperplane H^ and aj = {a, Cj), (ci, . . . , Cd) 

being the canonical basis of M"* . 

In the case k = 0, the Tj reduce to the corresponding partial derivatives. 

For y eM'^, the system 

Tju{x,y) = yju{x,y), l<j<d, 

uiO,y) = 1. 

admits a unique analytic solution on M'^, denoted by Ek{x,y) and called the 
Dunkl kernel. This kernel has a unique holomorphic extension to C^ x C^. 
M. Rosier has proved in [15] the following integral representation for the 
Dunkl kernel 

Ek{x,z)= f e^y'^Uiiliy), xeW^, zeC\ 
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where fj,^ is a probability measure on MJ^ with support in the closed ball 
5(0, ||a;||) of center and radius ||x||. We have for A G C and z,z' G 

C'',Ekiz,z') = Ekiz',z), Eki\z,z') = Ek{z,\z') and \Ek{x,iy)\ < 1 for 
x,y E W^. It was shown in [14, 17] that 

Ek{ix, z) Wk{z)da{z) = 4 J^+i^^i\\x\\), x G R^ (2.3) 

Sd-l 2 

where ?' , d i is the normalized Bessel function of the first kind and order 

7+i-i. 

The Dunkl transform J-'k is defined for / G V{M.'^) by 

J^k{f){x) = Ck f{y)Ek{-ix,y)wk{y)dy, x eR'^. 



We list some known properties of this transform: 

i) The Dunkl transform of a function / G LKW^) has the following basic 
property 

ll^fe(/)l|oo,fc<l|/l|l,fc. 

ii) The Schwartz space iS(]R'^) is invariant under the Dunkl transform J-'k . 
iii) When both / and J-'k{.f) are in L^(M'^), we have the inversion formula 

f{x)= J^k{f){y)Ek{ix,y)wk{y)dy, xeR'^. 



iv) (Plancherel's theorem) The Dunkl transform on iS(M'^) extends uniquely 
to an isometric isomorphism on L^(]R'^). 

By i), Plancherel's theorem and the Marcinkiewicz interpolation theorem (see 
[19]), we get for / G Lf (M'^) with 1 < j5 < 2 and p' such that i + i^ = 1, 

\\Mf)\\p',k<c\\f\\,,k. (2.4) 

The Dunkl transform of a function in LKM.'^Y"''^ is also radial and could be 
expressed via the Hankel transform. More precisely, according to [14], we 
have the following results: 

MfKx) = /"(/ Ek{-tx,y)wk{y)da{y)y{ry^+^-'dr 

= ^^+|_i(F)(lk||), xeR'', (2.5) 
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where F is the function defined on [0, +00) by F(||x||) = f{x), x E MJ^ and 
^7+d_i is the Hankel transform of order 7 + | — 1. 

For ifi G SiW^y"^ and x G R'^ , we have J^^'^{ip){x) = Tk{^){-x) = J^k{^){x). 

K. Trimeche has introduced in [22] the Dunkl translation operators Tx, 
X G W^, on SiW^) . For / G SiW^) and x,y e W^, we have 

:FkMmy) = Ekitx,y)Mf)iy)- (2.6) 

Notice that for all x,y E W'-, Tx{f){y) = Ty{f){x) and for fixed x G M"^ 

Tx is a continuous linear mapping from £^(M ) into £^(M ) . (2.7) 

As an operator on L\{W^), r^ is bounded. A priori it is not at all clear 
whether the translation operator can be defined for L^- functions with p 
different from 2. However, according to ([18], Theorem 3.7), the operator Tx 

^( 



can be extended to L^{W^Y°''^, 1 < p < 2 and we have 



||r.(/)|U<||/|U for feLlimT". (2.8) 

The Dunkl convolution product *k of two functions / and g in L^(R'^) is 
given by 

if *kg){x)= Tx{f){-y)g{y)wk{y)dy, xeR'^. 

The Dunkl convolution product is commutative and for f,gE V(R'^) we 
have 

Mf *k9) = Mf)M9)- (2.9) 

It was shown in ([18], Theorem 4.1) that when g is a bounded function in 
Ll(j^dyad^ then 

(/ *kg){x)= [ f{y)Tx{g){-y)wk{y)dy, x G M^ (2.10) 

initially defined on the intersection of /^^(M'^) and -^^(R'^) extends to LKW^), 
1 < p < +00 as a bounded operator. In particular, 

||/*fc^||p,fc < ||/||p,fc||^||i,fc. (2.11) 
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In the case d = 1, G = 7^2 = {id, —id} the corresponding reflection group 
acting on R and 7 = k{a) = a + | > 0, the Dunkl operator on the real line 
is defined by 



r,(/)(.) = f (X) + ?^ 



f{x) - f{-x) 



feS{ 



For A G C, the Dunkl kernel is given by 

\x 

Ek{Xx) = ja{i\x) + — — — -j„+i(iAa;), x G 
2 a + 1 



We have 



Wk{x) 



\x 



2a+l 



2"+ir(a + ll 



|r.(/)||,,fc<3||/||p,fc. 



(2.12) 



(2.13) 



For all X G M, the Dunkl translation operator r^ extends to L^(R),p > 1 and 
we have for / G -^^(IR) 



(2.14) 



3 Characterization by decomposition 

In this section, we characterize the Besov-Dunkl spaces by decomposition of 
functions. Before, we start with some useful remarks and propositions. 

Remark 3.1 By ([3], Proposition 1 and 2), it follows that for /3 > and 
1 ^ V-iQ ^ +CXD, the Besov-Dunkl space BT>^'^ is independent of the choice 
of the sequence ((/?j)jgN in <I>(]R'^). This space coincide on L^,(]R'^) with the 
homogeneous Besov-Dunkl space. 

Remark 3.2 It was shown in ([3], Proposition 3) that for 1 < p,q < +00 

and j3 > 0, we have the density of S{M.'^) in BV^'^. 



Now, in order to prove the following propositions, we recall that for 1 < p < 2, 
9Jtp(M'^) is the class of sequences {gj)ji=n of functions in L^iW^) such that 
supp J'fc(£/o) C 5(0,2) and snppTkigj) C Aj = {xeR"^; 2^'^ < \\x\\ < 2^+^} 
for j gN\{0}. 
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Proposition 3.1 Let fi > 0, 1 < p < 2, 1 < q < +cx) and {<^j)je¥i G $(M''). 
If f e BV^'J^ then one has 

n+m 



+00 



ii) {^j *k /)i6N G 9?lp(M'') and f = ^(fj *k f , in Ll 

j=0 

Proof. Let {<^j)jeN G $(K'^) and / G BV^'J^ with /3 > 0, 1 < p < 2 and 

1 < g < +00. 



n+m 



i) Take for n, m G N, /„,„ = ^^V^s *fc /• By the triangle inequality, (2.11) 

s=n 

and the property (ii) for {ipj)j^^, we have fn,m G L^(M°'). Now, using the 
properties (i), (ii), (iii) for {ipj)j^^, the triangle inequality and (2.11) again, 
we get 

+00 n+m+1 

/ ^ (2 ||y9j *^ /n,m||p,A:j = / ^ (2 ||(/9j *^ /n,m||p,fcj 

i=o j=0 

n+m+1 

We conclude from (2.7) and (2.10) that /„,„, G ^(R"'). 

ii) Using (2.9) and (2.11) and the property (ii) for ((y9j)jgpj, it's clear that 
{^j *k /)jeN is in S[)Tp(M"'). For r, s G N with r < s, we have from the Holder 
inequality that 

s s 

II Y ^j *k f\\p,k < ^ llv^j *k f\\p,k 

j=r j=r 

< (^2-/'^')^(^(2^-^||v.,*./|U)^)', 

j=r j=r 

+00 

where q' is the conjugate of q. Then the series y^ cpj *k f converges in 



j=0 



L^(]R'^) and the map / i— )■ y^ ipj *k f is continuous from BV^'J^ into L 

3=0 



li^') 
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Take ip E SiW''), the series 2_^Vj *k "^ converges, in particular in L 



m') 



j=0 



then by the Plancherel theorem and (2.9), we deduce that y ^J-'k{'~Pj)J-'k{4') 

j=0 

converges in L^(M'^). Since 

+00 +00 

/^J^ki^j)ix) = 1, X E W'-, we conclude that y^J-'k{^j)J-'kiip) = J^ki^P), 

j=0 j=0 

which gives %^ (pj *k^ = ^- Using the fact that iS(M'^) is dense in BV^'^ 

j=0 

(see Remark 3.2) and BV^'g is continuously included in L^(M'^), we get 

+00 

f=^fj*kf, (3.1) 

j=0 

which proves the results ii). This completes the proof. D 

For / G BV^^;^, we put ||/||^^... = [Y.(2^^\\^, H flUrf- 

Proposition 3.2 Let /3 > 0, I < p <2 and I < q < +00. Then 

1) For all compact set K in ]R'^\{0}, the norms || . \\p^k and \\ . 11^^,9, ^ are 
equivalent on the set Fp{K) of all functions f G L^(M'^) such that 
suppJ^kif) ^ ^■ 

2) The subspace Fp of functions f G L^(]R^) such that suppj^kif) is a 
compact set in M.'^\{0} is dense in BV^'^ . 

Proof. 1) If K is a compact set in R'^\{0}, then there exists a finite set 
/ C N such that K C [JAj where we take Aq = {x e W^ ; \\x\\ < 2} when 

jei 
j = 0. This gives for / G Fp{K) and i(Pj)jeN in $(1^"') that (pj *k f = 0, if 
j > 1 + max /. Hence we obtain 
+00 

J2{2^'\\vjHfi,ky < J2^'''\Mik\\f\\i,k 

< c[j2^^^')im,k<c{K)\\f\\i,. 
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Conversely, if {(Pj)jeN in $(]R'^) and / G BVl^'J^ with suppTkif) ^ ^^ then 

+00 

using (3.1) we have / = >^ ^j *k f = /^ Vj *k f ■ Using Holder's inequality, 

i=o j&i 

it yields 



.kV ' ' 



where q' is the conjugate of q. 

n 

2) Assume / G -BI?^;^^ and {^j)j&i e $(M'^), then we put fn = ^Vs*kf 

s=0 

for n G N\{0}. It's clear that /„ G Fp. From (Proposition 3.1, i)), we have 
/„ G BV^'J^, hence using the properties (i) and (iii) for {'fj)jen, we obtain 

+00 

^22^'"^, H (/ - fnWik < c J2 '^'"y^ *^ /iIm- 

j=0 \j\>n 

Since / G BV^^^I^, then we deduce that hm„^+oo /« = / in -62)^;^^ D 

Let 1 < p < 2 and 1 < q < +00. In order to prove the following theo- 
rem, we denote by 

for any sequence {gj)jen of functions in L^(M.'^). 
Theorem 3.1 If/3>0,l<p<2 and I < q < +cx), then 

+CX) 



^K,S ={f^ ^K^') • 3(^,),eN G Tlp{R^) such that f = Y.g, 

j=0 

in LliR"^) and \\gj\\* < +oo|. (3.2) 



Proof. (Proposition 3.1, ii)) shows that every / G BV^'j' can be represented 
by the right-hand side of (3.2). Conversely, if / G L^{M.'^) is given by 

+00 
f = Y,9, inLliR''), {g,),^^emp{R'') and \\g,r < +00, 

j=0 



12 
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then we have for ((/?j)jgM G $(M'^), 

Vj *kf = Vj *k i9j-i + 9j + 9j+i), j eN 

where we put for convenience g^i =0. Then by (2.11) and Holder's inequahty 
for j G N, we obtain 



i+i 

s=j~l 



\n P 



Thus summing over j with weights 2^'^'^ and using the triangle inequality, we 
get 









D 



Thus we obtain the result. 

Remark 3.3 Put A the set of all functions (p G 5(M'^)™'^ such that 

suppJ^k{(t>) C |x G M'^; 1 < ||x|| < 2}| 

and denote by C'^'p^ , (3 > 0, 1 < p,q < +oo, the subspace of functions 
f G LKR'^) satisfying 

+°" ' \\f*kMp,k V dt\^ 

tp 



— ) < +00 if q < +00 



(usual modification when q = +ooj, where (pt{x) 



(2(7+^) 



j), for all t G 



(0, +oo) and x G M'^. Then from ([3], Theorem 2), we have for /3 > 0, 
i ^ P,q ^ +00 and all (/) E A 



'^^p,q ^ '^p,q • 

In the case d = 1, G = Z2, 7 = k{a) = a + | > and 
Ti(/)(x) = f(x) + ^^^'r^(")-^(-") 



(3.3) 



fe8{ 



we can characterize the Besov-Dunkl spaces by differences using the modulus 
of continuity of second order of f . Put "H the set of all functions (p G 5*(M) 
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such that / (j){x)d^a{x) = with dfia{x) = — - dx and 5*(M) 

•-'0 V ' / 

the space of even Schwartz functions on M. Then we can assert from ([1], 
Theorem 3.6) that for 0</3<l, l<p< +oo, 1 < g < +oo and all (j) eH, 
that 

Ctf = BDl% (3.4) 

where BD^^'^o is the subspace of functions f G LP{fia) satisfying 



^p{f){t)\ dx\g 
^^ i^ ^ — f < +00 if q<+oo 

XP J X / 



and 



^vUm ^ ^ -f ^ 

sup ^ — < +00 ij q = +00. 

a;e(0,+oo) 



xf^ 



Note that when d = 1, we have A gH, then from (3.3) and (3.4), we obtain 
for0<l3<l,l<p< +00, 1 < g < +oo and all (p e A 



From (3.4), it's clear that the space Cp^'^ is independent of the specific selec- 
tion of (p in Ti. In particular, if we take for example the function defined 
on R by 

(j){x) = ~xip'{x) — 2(a + l)ip{x), 

where tp is the Gaussian function, ^p{x) = e 2 ^ then we can see that G "H. 
The dilation (pt of (p gives (pt{x) = t-^Lpt{x), for x E M and t G (0,+oo). 
From (3.4), it yields that for 0</3<l, 1 < p < +00 and 1 < q < +00, 



/esDS5^/ c"^'^;f'"'''^T j<+°o. 



(usual modification when q = +ooj. 
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4 Moduli of continuity and Dunkl tranform 

In this section, we obtain inequalities for the Dunkl transform J^k{f) of U^- 
function /, 1 < p < 2, both on the real line and in radial case on M.'^. As 
consequence, we give a quantitative form of the Riemann-Lebesgue lemma 
and further results of integrability for the Dunkl transform. 

Throughout this section, we denote by p' the conjugate of p. According 
to (2.8) and (2.14), we recall that for 1 < p < 2, ujp{f) is the modulus of 
continuity of / and is given : 

• On the real line by : 

iOpifm = \\rtif) + T^tif)-2f\\p,k, t>0, feLliR). 

• In radial case on R"' by : 



^pifm= f Wnuif) - f\\p,kda{u) , t>o, fen 



KR'^Y"'^. 



Lemma 4.1 (see [6, 7]) Let a > — |. Then there exist positive constants 
Ci^Q, and C2,Q, such that 

Ci,«min{l,(At)2} < 1 - j„(At) < C2,Qmin{l,(At)2}, t, A G M. (4.1) 

Theorem 4.1 Let 1 < p < 2 and f G L^{M.). Then there exists a positive 
constant c such that for any t G (0, +oo), one has 

1 
min{l, {t\x\fP'} \J^k{f){x)fwk{x)dxY < cu,{f){t) , ifl<p<2, 

esssup min{l,(tx)^} |Ji.(/)(a;)| < ccji(/)(t) , ifp=l. 

Proof. For / G L^(M), we have by (2.6) 

J'kiTtif) + r^tif) - 2/)(x) = [Euiitx) + Ek{-itx) - 2\J'k{f){x) , 
for t G (0, +oo) and a.e x G M. Applying (2.4), we get 

||-^fc(Ti(/) + T_,(/)-2/)||p,fc 

1 

\:Fk{f){x)\^'\Ek{itx) + Ek{-itx)-2Y'wk{x)dxY 
< cuj,{f){t). (4.2) 
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From (2.12), it yields 

\Ek{itx) + Ek{-itx) - 2| > 2\j^{tx) - 1| (4.3) 

then using (4.1) and (4.3) in (4.2), we obtain the resuh. Here when p = 1, 
we make the usual modification. D 

Remark 4.1 Note that if p = 2, then by Plancherel's theorem and (4-1), 
there exist positive constants ci, C2 such that 

CiU2{fm < ( /"min{l,(te)^} \J^k{f){x)\^Wk{x)dxy^ < c^u^Um. 

As consequence immediate of the theorem 4.1, we obtain the following 
quantitative form of the Riemann-Lebesgue lemma. 

Corollary 4.1 Let 1 < jo < 2 and f G L^(]R). Then there exists a positive 
constant c such that for any t G (0, +oo), one has 

\Mf)ixW'M^)d{x)Y < cuj.,Um , tf l<p<2, 

\x\>\ ^ 

ess sup \J^kU)i.^)\ < cui{f){t) , if p = l. 

Theorem 4.2 Let a > -\, {3 > 2(a + 1), A > Q and f e L^(M). // / 
satisfies 

sup i^<A. (4.4) 

tG(0,+oo) ^ 

then 

Mf) e LliR). 

Proof. From the theorem 4.1 and (4.4), we obtain 

ess sup {txf\J^k{f){x)\ < cujiif){t) < ct^ (4.5) 

By Holder's inequality, (4.5) and (2.13), we have 

x\\J^k{f){x)\wk{x)dx < ess sup x^|J-fc(/)(x)| / \x\~^vuk{x)dx 

< ct^~^ f\^''dx< ct^-2("+i)-^ 
Jo 
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Integrating with respect to t over (0, 1) and applying Fubini's theorem, we 
obtain 

'\x\>l Jo 

Since L'^d— 1,1], Wk{x)dx) C Ll{[— 1,1], Wk{x)dx), we deduce that J^kif) is 
in LliR). D 

Theorem 4.3 Let 1 < p <2 and f G L^(]R'^)™^. Then there exists a positive 
constant c such that for any t G (0, +oo), one has 

min{l, {t\\x\\fP'} \Fk{f){x)\^'wk{x)dxY < cuj,{f){t) , zf 1< p < 2 , 



ess sup 



min{l, itWxWf} \M.nix)\\ < cu,if)it) , if p=l. 

Proof. Let / G L^(M'^)™"', we can write from (2.6) 

J'kinuU) - f){x) = Mf){x)[Ek{itu,x) - 1] , 
for u G S"^^-^, t G (0, +oo) and a.e x G M"'. Applying (2.4), we get 

WMrtuif) - fmp',k = ( [ \Mf)ix)f\Ek{itu,x)-lfwk{x)dxY 

< c\\nM)-f\\p,k- (4.6) 

According to (2.1) and (2.5), we have 



\J^k{f){x)\P' \Ek{itu, x) - l\P'wk{x)dx 



j 

= 4 / " \'H^+^_,{F){r)\P' ( [ \Ek{itru,z) - l\P'wk{z)da{z))r'^+''~'dr, 

Jo ^ ^Js-i-^ ^ 

where F is a function on (0, +oo) such that F(||x||) = /(x), for all x G M"'. 
On the other hand, by (2.2), (2.3) and Holder's inequality, we get 

4|i^+l_i(^0-i| 

' [Ek{itru,z) - l]wkiz)da{z)\ 

Sd-i 



< i Wk{z)da{z)y i j \Ek{itru,z) -l\^'wk{z)da{z)y 

< 4( [ ^ ^ \Ekiitru,z) - lfwkiz)daiz)y. 
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hence we obtain, 

\L+^-i{rt) -M"' <c [ \Ek{itru, z) - 1\p' Wk{z)da{z). (4.7) 

From (4.6) and (4.7), it follows that 

l^.+f-i(^)Wr'|j;+^i(rt) - ir'r'^^'-Hr < c||r,„(/) - fW^,, 

'0 

So using (4.1), (2.1) and (2.5), we obtain 

min{l, {t\\x\\f^'} I J-,(/)(x)rW(x)rfx < c ||r,„(/) - /||^;, 

and we deduce our result. When p = 1, we make the usual modification. D 

Remark 4.2 Note that if p = 2, by Plancherel's theorem and (4-1), there 
exist positive constants Ci,C2 such that 

CiOJ2ifm< ( [ mm{l,it\\x\\)'}\Mf)ix)\'w,ix)dix)Y' <C2UJ2ifm. 

As consequence of the theorem 4.3, we obtain the following quantitative 
form of the Riemann-Lebesgue lemma. 

Corollary 4.2 Let 1 < p < 2 and / G L^(M^)™'^. Then there exists a 
positive constant c such that for any t G (0, +oo), one has 

1 
\Mf)i^)fMx)d{x)Y < cuj,{f){t) , ifl<p<2, 

ess sup |J'fe(/)(a;)| < ctJi(/)(t), if p = 1. 



Theorem 4.4 Let /3 > 2(7 + f ), A > and f G L^(R'^)™^. /// satisfies 



2 

^i(/)W 

te(o,+oo) 
then 



sup y < A , (4.8) 



Mf) G Li(M^)™f 
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Proof. From the theorem 4.3 and (4.8), we obtain 

ess sup {t\\x\\f\Mf){x)\ < cuiWm < ct^ (4-9) 



By Holder's inequahty, (4.9) and (2.1), we have 
^11 \J^k{f){x)\wk{x)dx 



\\x\\<- 



< ess sup ||x|p|J-fc(/)(x)| / ||a;|| ^Wk{x)dx 

\\M\<J -^lkll<7 

1 



Integrating with respect to t over (0, 1) and applying Fubini's theorem, we 
obtain 



\Mf)ix)\Mx)dx < c / t^-'(^+i)-Mt < + 



a;||>l 



-OO . 



Since L'^{B{0, 1), Wk{x)dx) C Ll{B{0, 1), Wk{x)dx), we deduce that J^kif) is 
in Li(M^). D 
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